We study the phenomena of superradiance of F (R)-Maxwell black holes in an AdS spacetime. The AdS boundary plays the role of a mirror and provides a natural confining system that makes the superradiant wave bouncing back and forth between the region near the horizon and the reflective boundary, causing a possible superradiant instability. We obtain numerical solutions for static hairy black holes in this scenario and investigate their instability. It is shown that for a small scalar charge or AdS radius the static hairy solution is stable under spherical perturbations. We conclude that under such conditions, new hairy black holes emerge as a possible end point of superradiant instability of the system.
Introduction
Black holes as exact solutions of Einstein field equations of General Relativity (GR) have always been regarded as mysterious and fascinating objects and are presently considered as a prime source of investigation in GR and related subjects [1, 2] . Just one year after Einstein published his theory of general relativity, Karl Schwarzschild presented the first exact static, spherically symmetry vacuum solution in 1916 [3] and ever since the task of discovering new exact vacuum solutions to the field equations has been a challenging and at times a fascinating one with, more often than not, unforseen consequences [4] . In particular, the subject of hairy black holes and their instability has been attracting considerable amount of attention in the recent past.
According to no-hair conjecture introduced by Wheeler and Ruffini [5] , all 4-dimensional stationary, asymptotically flat solutions of Einstein-Maxwell theory are characterized by only 3 parameters, namely mass M , angular momentum J and electric charge Q. This conjecture means that in GR, black holes are very simple objects and one cannot differentiate between black holes with the same Gaussian charge. In 1967, a uniqueness theorem of black hole solutions was proposed by Bekenstein and Israel which mathematically support the no-hair theorem [6] , that is, the solutions are indistinguishable from each other unless some extra parameters which do not relate to any Gaussian charge are present. Consequently, dropping any initial assumption of the no-hair conjecture may result in hairy black holes [2] which play an important role in black hole physics [2, 7] today.
The first example which confirmed the violation of the no-hair conjecture was found by Volkove and Gal'tsov in 1989 [7, 8] . They showed that in Einstein-Yang-Mils theory with gauge group SU(2), the additional information, called the primary hair, are the number of oscillations of the Yang Mills field [7, 9] . It may seem that the presence of additional fields such as a free scalar field, a massive vector field or spinor field may lead to hairy black holes, but a large number of no-hair theorems, mostly by Bekenstein, insist on the absence of any such solutions [7] , also see [7, 2, 10] for a review of hairy solutions.
A pioneer in supperradiance investigation was Klein [11] when in 1929 found an interesting result of an electron scattering off a potential barrier in the context of Dirac equation [12] . In non relativistic quantum mechanics, exponential damping is expected due to electron tunneling through a barrier. However, Klein showed that if the potential is strong enough no exponential damping will occur through transition from the reflecting potential barrier [13] . This is called the old-Klein Paradox which is interpreted today via spontaneous pair production in the presence of strong electromagnetic fields. However, what we now call a superradiance is more close to Zel'dovich's solution which showed that under certain conditions the scattered amplitude from an attractive rotating surface would be amplified [11] . Therefore by supperradiance we refer to amplification of scattered (bosonic) test fields from black holes as a dissipative system [11, 14] . In GR this wave packet amplification may occur if the background is a Kerr or Reissner-Nordström (RN) black hole [11, 9] . Just as in the Klein case, this amplification is explained trough spontaneous pair production for bosonic fields. If a superradiant field becomes trapped in an enclosed system then as a result of energy extraction the stability of the background black hole will be uncertain. In this situation the scalar field interacts with the background black hole repeatedly and the scattered wave amplitude increases exponentially which leads to superradiant instability. This scenario was first investigated by Press and Teukolsky in 1972 [18] . They supposed a perfect reflecting mirror to reflect the superradiant field onto the background black hole. The reflecting process is carried out repeatedly until the stability of the system ceases to exist [19, 20] . A related concept is what is referred to as a black hole bomb which describes a scenario in which a superradiant field is scattered off a black hole, leading to an eventual exponentially growing instability of the system. As was mentioned above, a superradiant field can be trapped in an enclosed system. The question now arises as to what an enclosed system is. To answer this question a reflective wall which can be a fictional mirror [9] and embraces other physical properties of the theory [21, 22] was proposed. For example a mass term in the theory of a massive scalar test field near a Kerr black hole can play the role of a reflective mirror [21, 22] , whereas such construction is not sufficient for a charged black hole. In other words the Reissner-Nordström space-time does not experience superradiant instability due to a massive scalar test field unless one imposes an artificial mirror to enclosed the system [23, 25, 26, 24] . In contrast, special characteristic features of some systems like the intrinsic boundary in an AdS space time can be considered as a natural reflecting mirror for the system [27, 28, 29] . Furthermore, in most cases the final fate of superradiant instability is still an open question. A new stable hairy black hole or an explosive phenomena of a bosenova (a bose supernova) may be the main plausible end point of superradiant instability which have been proposed so far [9, 16, 17] . As an example, in [9] , the end point of Superradiant instability was investigated for massless scalar fields around a charged black hole enclosed with a mirror. It was shown that a static hairy solution may be envisaged as the final state of superradiant instability. To achieve this, spherically symmetric perturbation of the hairy solution has been considered with the result that the hairy black hole is stable at the point of the first zero of the equilibrium scalar field where the mirror is located [9] .
Following [9] , we have studied superradiant instability of Maxwell theory in a class of F (R) modified gravity (MG) scenarios and discussed the possible outcome of the instabilities considered above. Our numerical solutions are based on the shooting method, where initial conditions at the event horizon is used. This method is different from the method in [17] where boundary conditions instead of initial conditions are applied. The motivation for considering MG theories comes from some open questions in cosmology. Based on GR, standard cosmology is not quit successful to explain some observational features of the unverse, namely the late time acceleration, nature of the cosmological constant, or dark energy, and dark matter [30, 31] . To replace GR with any modified theory, one must first examine the candidate theory from different relevant angles and to this end superradiant instabilities are no exception. Spherically symmetric solutions of F (R) gravity have been wieldy studied with constant (positive/negative) [32, 33] and non-constant curvature [34] . The modified field equations show that the maximally symmetric solutions of F (R) necessarily correspond to R = C, namely de-Sitter (C > 0) or anti-de Sitter (C < 0) spaces, just like GR with a cosmological constant Λ [35, 36] . In [37] exact static spherically symmetric vacuum solution of F (R)-Maxwell theory was analytically derived and later generalized to stationary solutions where the rotational degrees of freedom were also considered [38] . Furthermore, stability of Kerr black holes in F (R) theory was investigated in [39, 40] which showed that superradiant instability will lead to the Kerr black hole instability in F (R) theory.
In this work we first introduce the model in conjunction with superradiance phenomena in F (R) gravity. In section 3 we investigate the static, spherically symmetric solutions of the resulting field equations and proceed to investigate their superradiant instabilities. The conclusions are drawn in the last section.
Preliminaries
We consider a massless charged scalar field Φ, projected towards a charged, spherically symmetric black hole in a F (R) gravity framework described by the action
where F (R) = R + f (R) and we set 8πG = 1. Also,
where q indicates the charge of the scalar field. Variation of the action with respect to dynamical fields leads to equations of motion
where
and the field current J µ and scalar and gauge field parts of the total energy momentum tensor, namely T φ µν and T F µν are defined as
We assume that the charged scalar field represents a test particle so that there is no back reaction on the background space-time. In this work we focus on a static, spherically symmetric background with negative constant curvature R 0 in 4 dimensions and thus we will deal with an asymptotically AdS space time according to
where N (r) is the (negative) constant curvature solution of F (R)-Maxwell theory [37]
where R 0 = 4Λ and Λ is the negative cosmological constant [41] and a prime indicates derivative with respect to r.
The superradiant condition
Since the constant negative curvature solutions of F (R) theory is the same as that of AdS solutions in GR, we do not expect to derive new superradiant conditions because we deal with the same KleinGordon equation. However, a review of such conditions for a test scalar field scattered off a charged black hole [11] would be in order.
To study superradiance of a scattered test field off a charged black hole represented by (10), we substitute the ansatz
in the Klein-Gordon equation (9) where Y lm (θ, φ) are the usual spherical harmonics and
, 0, 0, 0). We have chosen A 0 so that the gauge potential tends to zero on the event horizon [42] , resulting in the following Schrodinger-like equation
where use has been made of tortoise coordinate r * through definition r * ≡ dr N (r) , and the effective potential is given by
Here, Q represents charge of the black hole. Using the asymptotic behaviour of the effective potential above, one can derive the in-coming solutions near horizon (r * → −∞) and at infinity (r * → +∞)
The other independent, out-going, solution at two infinities will be easily obtained by complex conjugating (14) , where I, T and R refer to amplitude of the incident, transmitted and reflected modes. Since the Wronskian of two independent solutions is an invariant quantity, one may employ this property by equating the Wronskians at the horizon and infinity, leading to
which shows that superradiance will occur if
For small black holes (
, a restricted condition of instability exists. It was shown that at least in the small black hole limit there is a minimum frequency of modes which can be rewritten in term of the AdS scale as Qq > 3r h L . This means that for small black holes at the AdS boundary, instability may occur while Qq > 3r h L is satisfied too.
The superradiant instability
To investigate the superradiant instability, one may consider the sign of the imaginary part of the frequency. If the imaginary part of the frequency is positive, the scalar field experiences superradiant instability [43] . We use the analytic values of the frequency, Re(ω 0 ) = 3 L [42] , as the base value and integrate the radial equation (12) from r h to r 0 , the AdS radius, numerically. Changing the frequency, we repeat integrating until ϕ(r 0 ) = 0. Figure 1 shows that if the Ads boundary is small (near the black hole), Im(ω) will be negative and the modes decay exponentially. If the AdS boundary is far from the black hole, Im(ω) is positive and the modes grow exponentially which leads to superradiant instability. For small q values, there is superradiant instability at large AdS radii.
Static hairy solutions
Let us now start by making use of the gauge freedom φ → e iχ φ to remove the time dependence of φ by assuming χ = ωt. Then we may obtain the static solutions with a nontrivial scalar hair in a f (R) theory at the threshold frequency, ω = ω c . We consider a static, spherically symmetric space-time endowed with the Schwarzschild-AdS metric (10) . Substituting m(r) = m + Q 2 2(1+f (R 0 ))r in (11) we have
where L is the AdS radius of curvature given by L = −12 R 0
. Inserting (17) into field equations (3-6), one finds
where f R represents
dR . It is now convenient to substitute (18) in (19) to have
In the rest of the paper we will refer to (20) (21) (22) as the equations of motion. In the absence of any analytical solution, we integrate them numerically. To start with, we assume that the field variables are regular and analytic functions at the event horizon defined by N (r h ) = 0, leading to m(r h ) ≡
. A Taylor expansion of the field variables in the neighborhood of the event horizon then yields
We also note that in equations (21, 22) one has φ h ≡ φ (r h ) = 0, A h ≡ A(r h ) = 0, φ h ≡ φ(r h ) and A h ≡ A (r h ) which are the scalar and electric fields on the horizon respectively. In this paper we will consider f (R) = k R which explains the positive acceleration of the expanding universe [31, 41, 44] . In [41] a class of F (R) = R + kR n theories were studied and demonstrated that in 4 dimensions for n < 2 and k = 2 n (−24) 1−n (2n−4)L 2−2n , the topology of the spherically symmetric solution is that of the Schwarzschild AdS. We select the length scale by setting r h = 1 and rescale all quantities by r h to have dimensionless equations. With regard to this particular type of f (R), we integrate equations (20) (21) (22) numerically and look for hairy static solutions.
The left panel in figure 2 shows solutions of the field variables N (r), A 0 (r) and φ(r) as a function of the radius for a spherically symmetric, static and asymptotically AdS black hole with q = 0. The left panel in figure 3 shows that the oscillations of the scalar field increases as its charge is increasing. The right panel shows different scalar field profiles outside the horizon with different AdS radii. The number of scalar field nodes increases by the growth of the AdS radius. As was mentioned before, one can confine the system by a natural or fictional (mirror like) reflecting boundary. In our case the time-like character of the AdS boundary mimics a natural reflecting boundary [27, 28, 45] . Therefore, any wave scattered off the system will eventually reach spatial infinity (AdS boundary) and reflected back again. Alternatively, one can use the fictionally reflective wall (like a mirror) as a new boundary before the AdS radius L and investigate the black hole stability at the new boundary [9, 46] . Therefore the model presented with a given f (R) has static, spherically symmetric and asymptotically AdS solutions with a scalar hair. Regularity of the solutions outside the event horizon in figure  2 confirms the existence of black hole solutions with a nontrivial scalar hair [47] . It is clear that scalar field profiles depend on the charge of the scalar field and AdS radius, different scalar field profiles with constant AdS radii have a common node at the AdS boundary that behaves like an enclosure to trap the scalar field.
Stability of solutions
In the previous section, we showed that numerical solutions of a fully coupled system of F (R)-Maxwell theory and a charged scalar field at the AdS boundary admits black hole solutions with scalar hair at the threshold frequency. In this configuration, the reflective character of AdS boundary provides natural confining of the system. Since the stable hairy solutions can be considered as a plausible final state of the superradint instability [9, 17, 42, 48] , the next step is to verify the stability of the previous static solution.
Following [9] , to check stability of the black hole under time evolution, we assume that the field variables, in addition to radial dependency, are time dependent and are real except for the scalar field which was assumed to be real in the static case on account of the gauge freedom. Here however, it is assumed to be complex. We thus obtain four dynamical equations upon assuming that the field variable are functions of (r, t) in equations (3)
Unlike the static case, there is an extra (tr) component, equation (29), resulting from field equations (3). The Maxwell equations (4) have two non-zero components (t, r) whose corresponding dynamical equations become N r 2 (r
Let us now define a new variable φ = ψ r on account of the spherical symmetry of the scalar field. As for the Klein-Gordon equation (5) we find
Here a dot and a prime represent partial derivatives with respect to t and r respectively while a star stands for the usual complex conjugation. In the next subsection we will focus attention on linear perturbations of the above equations and keep the terms to first order, for more detail see the Appendix.
Linear perturbations
To study the stability of the hairy black hole with an AdS boundary, we consider linear perturbations of dynamical equations around equilibrium solutions and define linear perturbation as N (t, r) = N (r) + δN (t, r) and similarly for ψ(t, r) and A 0 (t, r). We expand f (R(t, r)) to define the perturbation as f (R(t, r)) =f (R) +f R δR(t, r), whereN (r),f (R) andf R are equilibrium quantities and have radial dependency only whereas δN (t, r) and δR(t, r) show perturbation parts. Substitution of the above definitions in (26-32) will now results in equations for the perturbed quantities which we will discuss below. The perturbed scalar field δψ is a complex quantity but other perturbed fields are real. We decompose δψ into real and imaginary parts as δψ = δu + iδẇ where δu and δw are real. Note that this decomposition was chosen to satisfy the dynamical perturbation equations, see equation (44) in the appendix. One gets three coupled perturbed equations in terms of δA, δu and δw. The first two are dynamical involving time derivatives as follows
while the third equation is a constraint
where f RR denotes df R dR . As perturbation modes must satisfy boundary conditions at the event horizon and reflective boundary (AdS radius), the perturbation modes are assumed to be of time-periodic form δu(t, r) = Re[e −iωtŨ (r)] and similarly for δw(t, r) and δA(t, r). At the event horizon, we apply ingoing wave like conditionsŨ (r) = e −iωr * U (r),
where U , W , A are complex functions that depend on the radial coordinate. We integrate equations (33) (34) (35) using boundary conditions at the horizon (36) and AdS radius numerically, noting that the scalar field perturbation must vanish at the reflective boundary, that is U (r 0 ) = 0 and W (r 0 ) = 0. In [42] , using the analytical method for RN-AdS in four dimensions, the lowest order frequency was obtained for small black holes with the result
We note in equation (38) that if the modes satisfy superradiant condition (Re(ω) < qQ r h
), the imaginary part of the frequency, Im(ω), is positive and leads to the instability of space-time. From equation (38) one can easily recognize that instability will occur by increasing L and q as can be seen in figures 4 and 5. The three perturbation functions U (r), W (r) and A(r) are shown in these figures for f (R) = k R model. It is clear that the amplitude of the waves grows exponentially which leads to instability.
By changing (decreasing) the values of q or L we can find configurations of the scalar field with just a node up at the Ads boundary, figure 3 . Equation (38) shows that under such circumstances the scalar field mode does not satisfy superradiant condition, thus the hairy solution is stable. 
Conclusions
When a charged scalar field moves toward a F (R)-Maxwell black hole and interact with it in an asymptotically AdS space-time, the reflective AdS boundary behaves as a natural confining system that leads to superradiant instability.
In this work, we have found static solutions in such a setting with a scalar hair in F (R) theory in a numerical fashion which shows that the scalar field fluctuates around zero. We also investigated the stability of the hairy black hole in this context. To this end, we considered dynamical equations to first order in perturbations, the result of which was the three coupled equations (33-35) which could be integrated numerically. We also derived the value of the frequency such that the boundary conditions at the event horizon (36) and AdS radius are satisfied. The sign of the imaginary part depends on the value of the charge of the scalar field or AdS radius. By choosing appropriate values for q or L and if the superradiant condition 3 < qQL r h is satisfied, the sign of the imaginary part of the frequency becomes positive which leads to instability of the system. However, if the 3 > qQL r h is satisfied, the sign of the imaginary part of the frequency is negative and the hairy black hole is stable at the threshold frequency. This means that under such condition the stable hairy black hole can be considered as a possible end point of superradiant instability. 
A Appendix
The dynamical equations (26) (27) (28) (29) (30) (31) (32) 
(1 +f R )δṄ N = −(ψ 2r ) (δψ + δψ * ) + iqĀ 0ψ 2r (δψ − δψ 
−δψ +N 2 δψ + 2iqĀ 0 δψ +NN δψ + q 
Using equations (39, 43, 48, 49) , we obtain an integrable equation for constants δF(r), δg(r) 
whose solution is obtained as follows δF(r) = rĀ 0Ā 0 2N δg(r).
By inserting equation (48) 
where ξ is an integration constant. According to ingoing boundary condition for all perturbations, we set δF(r) = 0, leading to ξ = 0.
